TaABLE 1. CALCULATED VALUES OF THE VELOCITY GRADIENT AT
THE WALL FOR VARIOUS N; AND f(0) AND Np, = 0.72

N f(0) #(0)
0.000 1.000 2917
0.000 0.500 2.092
0.000 0.250 1.701
0.000 0.000 1.328
0.000 —0.250 0.979
0.000 —0.500 0.658
0.000 —1.000 0.143
0.250 1.000 3.007
0.250 0.500 2.222
0.250 0.250 1.690
0.250 0.000 1.529
0.250 —0.250 1.233
0.250 —0.500 0.982
0.250 —1.000 0.633
0.500 1.000 3.095
0.500 0.500 2.346
0.500 0.250 2.009

N. 1(0) #(0)
0.500 0.000 1.705
0.500 —0.250 1.431
0.500 —0.500 1.217
0.500 —1.000 0.900
—0.250 1.000 2.823
—0.250 0.500 1.952
—0.250 0.250 1.521
—0.250 0.000 1.082
—0.250 —0.250 0.562
—0.250 —0.350 —
—0.500 1.000 2.727
—0.500 0.500 1.800
—0.500 0.230 1.312
—0.500 0.000 0.701
—0.500 —0.150 —

to iterate on ¢ until ¢(0) is determined
to the desired accuracy. However, as
seen in Equation (8), ["fd» will be
negative for larger » if ¢ is negative in
the region near the wall. This effect
accumulated with successive iterations,
and the expression for ¢(0} yields in-

creasingly large negative values. There-
fore if $(0) is negative, the iterative
procedure employed diverges; also, as
N, approaches the value required for
stagnation, the number of iterations
needed increases markedly. The exact
values of ¢(0), with various N, re-

quired for stagnation were not deter-
mined owing to the excessive numeri-
cal work required. However these may
be estimated by extrapolating the data
in Table 1 graphically and noting the
smallest values of the parameters used
in the calculation for which ¢(0) is
negative.

Figure 2 shows several representa-
tive temperature profiles. Clearly, the
effect of N. is more pronounced for
negative f(0) or when there is mass
transfer into the stream.
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Application of Reciprocal Variational Principles to
Laminar Flow in Uniform Ducts

The usefulness of variational princi-
ples in solving steady flow problems is
well known; a variety of Newtonian
and non-Newtonian problems have
been so treated (I, 10, 11, 12, 13, 14).
The problem of determining the ac-
curacy of variational flow calculations
however has not received much atten-
tion. The present note shows how such
a determination can be made, with
reciprocal variational principles de-
veloped by Hill (5, 6) and independ-
ently by Johnson (7, §).

The variational theorems of Hill and
Johnson are quite general with regard
to system geometry, rheological be-
havior, and boundary conditions. To
focus attention on the reciprocal as-
pects of the theorems the present dis-
cussion deals only with rectilinear
Newtonian flow, and the basic equa-
tions are specialized accordingly. The
notation and terminology here parallel
those used by Johnson.
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BASIC EQUATIONS

Consider the steady flow of a New-
tonian fluid, of constant viscosity and
density, in a long, cylindrical duct of
arbitrary cross section S, under a
known pressure gradient. The flow is
assumed to be parallel to the z-axis,
except for a small region at each end
of the duct. Determine Q, the volu-
metric rate of flow.

For this system the equations of
continuity and motion (2) become

0v, 0 (1)
0z a
0P
0= —— 2
p (2a)
d
0=-2 (2b)
ay
P s Ory:
= —— — 2
0 [i74 ox d (2¢)
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The nonvanishing components of the
viscous stress tensor are given by

do,
Tzz:TzzZ_lL-—a;— (Sa)
Ty: = Tay = — H o0 (Sb)

ay

and the boundary conditions are

atz=0, P=9%, (4a)
atz=L, P=%, (4b)
at the walls, v, = 0 (5)

where the region 0 < z <L lies inside
the region of fully developed flow.

Hill (5, 6) and Johnson independ-
ently (7, 8) have given two methods
for variational solution of this prob-
lem. By applying both methods one
obtains upper and lower bounds on
the quantity

Io::'_'zL (i')o"‘@z,)Q (6)
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and correspondingly bounds are ob-
tained for the volumetric flow rate Q.

An upper bound for J, is obtained
by evaluating the functional

=g S ILGE)
+ (%%—)2] dxdy +
(Pr — Po) jso‘f v, dxdy (7)

for any trial function v.(x, y) which
satisfies Equations (1) and (5) and is
sufficiently differentiable. That trial
function which renders J, an absolute
minimum relative to all other admissi-
ble trial functions is the exact solution
for v.(x, y) in Equations (1) through
(5). That is the variational problem
8], =0, with Equations (1) and (5)
as admissibility conditions for the trial
functions and with the stresses given
by Equations (3), has Equations (2) as
Euler equations and Equations (4) as
natural boundary conditions. The ab-
solute minimum value of J, obtainable
with admissible trial functions is J..
This variational procedure follows from
the Helmholtz principle of minimum
energy dissipation (9), as well as from
the more general formulations of John-
son and Hill for non-Newtonian Huids.

A lower bound for /, is obtained by
evaluating the functional

H, = — EL; f “ f [’ + 7,.°] dxdy
(8)

for any set of trial functions e, 7y,
and % which satisfies Equations (2)
and (4) and is sufficiently differentia-
ble. That set of trial functions which
renders H, an absolute maximum, rela-
tive to all other admissible sets, is the
exact solution for ®, r.., and 7,, in
Equations (1) through (5). That is
the variational problem 8H. =0, with
Equations (2) and (4) as admissibil-
ity conditions and with the velocity
gradients given by Equations (3) has
Equation (1) as its Euler equation and
Equation (5) as a natural boundary
condition. The absolute maximum value
of H, obtainable with admissible trial
functions is Jo.

Notice that the admissibility condi-
tions for either of the above variational
problems are the Euler equations and
natural boundary conditions for the
other; that is the two variational prob-
lems are reciprocal to each other (7)
It is this reciprocal relationship which
causes J, and H, to approach the same
limit from opposite sides when in-
creasingly accurate trial functions are
used. Reciprocal variational problems
offer similar advantages in other physi-
cal problems, for example in the theory
of elasticity. The formulation and
properties of reciprocal variational
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problems are treated in Courant and
Hilbert (3).

The selection of admissible trial
functions for Equation (8) may be
simplified by setting

@:@o'—' (@0—‘@L)%=@o—mz

oF (9)
X
T — po‘-@b —_— _—
Teo = ( A 7
o mx oF 10
= > (10)
y oF
v = (P — Py, _——
e T
oF
_my 3F (11)
2 ox

where F is a sufficiently differentiable
function of x and y. Equations (2) and
(4) are identically satisfied by these
equations, and no other solutions exist.
Thus Equation (8) may be rewritten
in the form

= (5 5)

)]
+< S dedy  (12)

and now only one quantity F(x, y)
needs to be represented by a trial func-
tion.

The following example illustrates
the use of the reciprocal principles
8J.=0 and S8H.=0, in conjunction
with the Rayleigh-Ritz procedure (3)
for determining the constants in the
trial functions.

FLOW IN A SQUARE DUCT

Consider a square duct with walls at
x = * g and y = % a. The following
trial function satisfies Equations (1)

and (5):

w2 [1-2]
a a

(13)
For this trial function Equation (7)
gives
128 16
],; = —[LLclz —— (i‘)o - @L)dl Cy

45 9
(14)

Minimizing J, with respect to ¢, one
gets
5 (Po—Pu)a

= 1
“=i6 " i (15)
from which
7 ____5_ (@0_@L)204
T uL
1
E——z— (Po— Pu)Q (186)
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or
5 (Po—Pu)a' _
9 L =0

That is the upper bound on J, provides
a lower bound on the volumetric fow
rate.

The simplest trial function usable
Equation (12) is F = 0, this gives

(@o _ @L)zﬂf

(17)

H, = —
3 L
1
é"“‘a‘(@o“‘@b)@ (18)
or
2 (‘Po—@L)a‘ -
-S-—T—Q (19)

When one considers the crude trial
function used, this result is surprisingly
good; it exceeds the lower bound in
Equation (17) by only 209. The de-
viation from the exact solution is there-
fore less than 209,.

To obtain a closer upper bound on
Q an adjustable I function may be
used. Because of the symmetry of the
problem the simplest polynomial F-
function which gives any change from

the above result is
F = ¢, (z*y — y’x) (20)

Equation (12) then gives

H. — _4aL [ﬂz_%zm
m 12 15
12 ]
— ¢t 21
+ 5 © (21)

Maximizing this result with respect to
c. one obtains finally
76 (@0 — @L)Cf

135 ulL =0

Combining Equations (17) and (22)
one obtains

(i‘)o - @L)Cf
uL
= (0.5630

(22)

0.5556 =9
(@u - .ZDL)ﬂ4
L

which determines Q accurately enough
for most purposes. Narrower bounds

(28)

could of course be obtained by includ-
ing more adjustable constants in the
trial functions.

The exact solution, according to
Boussinesq (4), is

Q = 0.5622 (24)

(i')n - (iDL)a4
)7
which is consistent with the bounds in

Equation (23).

DISCUSSION

The determination of upper and
lower bounds in variational calcula-
tions gives a useful test of accuracy
and is therefore strongly recommended.
It should be remembered of course
that the computed local values of v.
and F tend to be less accurate than
the corresponding functionals J. and
H, when incomplete trial functions are
used. For example the center line
velocity in the duct according to Bous-
sinesq (4) is

0r e = 02045 2T B1)@

(25)

and the value of v, m.. predicted by
Equations (13) and (15) is therefore
about 69 too low, in spite of the ex-
cellent lower bound obtained for Q.
Upper and lower bounds can also
be obtained for wvariational solutions
under more general conditions, with
the theorems of Hill (5, 6) and John-
son (7, 8). For most non-Newtonian
rheological models the quantity J, has
no simple physical significance; how-
ever the comparison of J. and H,
should still give a useful test of accu-
racy. In problems of rectilinear non-
Newtonian duct flow Equations (9),
(10), and (11) will remain useful.

NOTATION

a = half width of walls of square
duct

F = integral stress function defined
in Equations (10) and (11)

H, = functional defined in Equation
(8)

J. = functional defined in Equation
(7)
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Jo = quantity defined in Equation

(6)

L = gxial distance over which
(P, — P.) is measured

m = (P—P.)/L

@ = static pressure referred to a
constant elevation = p +p®

Q = volumetric flow rate through
duct

S = cross section of the duct

v, = local fluid velocity in the z-
direction

x,4,2 = rectangular coordinates

Greek Letters

b = variation operator
7 = viscosity
P = density

T+5Ty: = components of the viscous
stress tensor
P = potential energy per unit mass

of fluid
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2.

Immiscibility of Hydrocarbons and Liquid Methane

A. J. DAVENPORT, P. 1. FREEMAN, and J. S. ROWLINSON

Imperial College of Science and Technology, London, England

J- P. Kohn (3) has recently reported

TabLE 1. QUaDRUPLE POINT OF
MerHANE 4 n-HEPTANE

a study of the phase equilibria of the
system methane -+ n-heptane. He ob-

Temper- Pres- Weight fraction

. ature, sure, of CH, in
served th'at the system separated into °K. atm. liquid phases
two liquid phases and reported the ¥ohn 169.6 23.0 0297 ~1
temperature and pressure of the quad- D,F,andR 1696 — 017 >093
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ruple point [solid heptane + liquid I
+ liquid II + gas]. It is very rare for
two hydrocarbons to be partially im-
miscible, and the purpose of this paper
is first to confirm Kohn's results and
secondly to report some similar obser-
(Continued on page 430)
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